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ABSTRACT 
In [NR] the authors introduced the notion of superstable operators on a Banach space E using 
ultrapowers Eu of E. In [HR] this notion was extended to strongly continuous one-parameter 
semigroups again by means of ultrapowers. 
It is the aim of the present paper to give an equivalent intrinsic definition of superstability 
(without the reference to ultrapowers). This definition allows us to improve the results of [NR] as 
well as of [HR]. We apply our results to semigroups of positive linear operators on Banach lattices 
and C*-algebras, respectively. 
INTRODUCTION 
Let 7 = (T,),,,, J = N or lK!+, be a discrete or strongly continuous one- 
parameter semigroup of bounded linear operators on the Banach space E. In 
[NR] 7 is called superstable (in the discrete case) iff for all ultrapowers Eu 
(of E) with respect to free ultrafilters U on fV the induced semigroup y = 
{ fi : t E N} of operators 8 on Eu is relatively compact in the strong operator 
topology on Eu (see Section 1). The importance of this notion lies in the fol- 
lowing theorem characterizing the spectral condition in the stability theorem 
of Arendt, Batty, Lyubich, and Phong ([AB], [LPI). Recall that E is super- 
reflexive if all ultrapowers Eu of E are reflexive. 
Theorem [NR]. Let E be super-reflexive and let I be discrete and uniformly 
bounded. Then the following assertions are equivalent: 
(1) I is superstable. 
(2) The intersection of the spectrum a( TI) of TI with the unit circle is countable. 
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In the present paper we give an equivalent intrinsic definition of superstability 
not referring to ultrapowers. Based on this definition we are able to improve the 
theorem stated above. In fact we can show that the implication (1) + (2) even 
holds for arbitrary Banach spaces. All this is done in the first section. 
In the second section we give an intrinsic definition of superstable strongly 
continuous one-parameter semigroups and show that it is equivalent to the 
notion of superstability introduced in [HR]. Similar to the discrete case we ob- 
tain that for a superstable strongly continuous one-parameter semigroup with 
generator A the part of the spectrum of A on the imaginary axis is always 
countable. This generalizes the corresponding result in [HR] stated there for 
super-reflexive spaces. 
In the third section we present some applications, whereas in the appendix 
we give a detailed analysis of the relations between superstability and other 
notions of stability. 
1. DISCRETE SUPERSTABLE SEMIGROUPS 
In the following let E be a fixed Banach space over @ and let T be a linear 
operator on E with uniformly bounded powers. First of all we want to recall 
some facts on the relative compactness of ‘7 = {T” : n E N}. To this end let 
BE denote the closed unit ball of E. Let 6 > 0 be arbitrary and let cp E N’ 
be a given sequence. Then for m, k E N and k < m we define Aa,,(m, k) = 
{xEBE:/IT p@)x - Tkxjl < 6) c BE. If the Banach space E is mentioned ex- 
plicitly we write A&(m, k). 
Set Adm) = Uklm As,v(m, k) c BE. Then the following assertions are easy 
to prove (see the appendix): 
(1) 7 is uniformly relatively compact iff for all S > 0 and all sequences ‘p E 
NN there exists m E N and k < m such that BE = Aa,v(m, k). 
(2) ‘7 is strongly relatively compact iff for all 6 > 0 and all sequences ‘p E N’ 
BE = urn~~ A6,~(m). 
Having this in mind we make the following definition. 
Definition 1.1. 7 is called superstable if for all 6 > 0 and all cp E N N there exists 
an L E N such that BE = UrncL As,,(m). _ 
Remarks 1.2. (1) Obviously uniform relative compactness implies super- 
stability and this in turn implies strong relative compactness of 7. For a de- 
tailed relationship between these notions see the appendix. 
(2) The decomposition theorem of Jacobs-Glicksberg-de Leeuw ([K], 
Theorem 4.5 on p. 106) suggests to call a strongly relatively compact semigroup 
stable. Likewise we call uniformly relatively compact semigroups uniformly 
stable. Proposition 1.3(2) below then motivates our notion of superstability. 
(3) Each of the stability properties introduced above is obviously inherited 
by restrictions of 7 to invariant subspaces. 
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Now we discuss the connection between our notion of superstability and 
that one of [NR]. Let U be an arbitrary free ultrafilter on N. The ultrapower 
Eu is the quotient space of C”(E)/ca(E) where e”(E) = {(xn) E Erm : 
suP{II-Gll : fl E N} c) and cu(E) = {(x,) E P(E) : limu l\xnll = 0). For 
(xn) E C”(E) let (x,) E Exbe the corresponding equivalence class. Eu is 
equipped with the norm II(x = limdlx,l). _ If T is a bounded linear operator 
on E then p is defined on Ea by F((xn)) = (TX,). The given space E is identi- 
fied with a subspace of Ea via the equivalence classes of constant sequences. 
This subspace is invariant under f for all bounded linear operators T on E. 
We obtain the following result; the equivalence of assertion (1) and (2) below 
shows that our notion of superstability coincides with that one of [NR]. The 
equivalence of (2) and (3) was already shown in [NR]. 
Proposition 1.3. Let 7 = {T” : n E N} be a untformly bounded discrete semi- 
group generated by the linear operator T on E. The following assertions are 
equivalent : 
(1) 7 is superstable. 
(2) y := {T” : n E N} is stable on Eu for every free ultrafilter U on N. 
(3) ? is superstable on Eu for every free ultrafilter L4 on N. 
(4) There exists a free ultrafilter U on N such that ? is stable on Eu. 
(5) There exists a free ultrafilter U on N such that ? is superstable on Ea. 
Proof. In view of 1.2(3) and the fact that E is a ?-invariant subspace of Eu (see 
above) the only nontrivial implications are ‘( 1) + (3)’ and ‘(4) + (1)‘. 
(1) + (3): Let U be an arbitrary free ultrafilter on N. Fix 6 > 0 and ‘p E N’. 
Then for n = S/2 there exists L E N such that BE = Um.,L A&(m). Now let .? E 
BE, be arbitrary and choose (xn) E f such that x, E BE for all n E N. Let M, := 
{n E /V : x, E A&,(m)}, 0 < m 5 L. Then N = lJrnsL M,. There exists mo < L 
such that M,, E U. Set Nk := {n E IV,, : (JTp(Q)x, - Tkx,)I < Q}, 0 5 k < mo. 
Since IV,, = lJkCm, Nk there is ko 5 mo such that Nk,, E U. This implies 
(l~~@‘)a - pkoall = l$i IITP(mo)x, - Tkox,ll < r~ < S 
and hence 
(4) * (1): SUPP ose 7 is not superstable. Then there exists S > 0 and cpe” 
such that for every L E N there is XL E BE\ Um5L A[V(m). Then i = (XL) E 
BEU.IfmENandkIm,then 
Ilp+‘@)i - pknll = lip IIT’P(M)~, - Tkx,ll > 6. 
Hence i @ At;(m) for all m E N, i.e. ? is not stable. q 
We now turn to the announced improvement of the main result of [NR]. For 
a bounded linear operator T on E set al(T) = {A E o(T) : 1x1 = l}, where 
a(T) denotes the spectrum of T. 
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Theorem 1.4. Let T be a linear operator on the Banach space E such that the dis- 
crete semigroup T = (T” : n E N} is untformly bounded. 
(a) If7 is superstable then o1 (T) is at most countable. 
0.0 rfol(T) t 1s a most countable, and tfin addition E is super-reflexive, then I 
is superstable. 
Remark. Part (a) was proved in [NR] under the hypothesis that E is super-re- 
flexive. In fact, the main idea there was to construct - under the assumption 
that al(T) is uncountable - a p-invariant Banach function space in Eu on 
which p is an unstable multiplication operator. With our definition of super- 
stability we can avoid this construction and hence we obtain (a) for general 
Banach spaces. 
The proof of our theorem is based on several emmas. We recall that for every 
closed and uncoutable subset M of the unit circle U = {X E @ : 1x1 = 1) there is 
a diffuse (i.e. atomless) probability measure supported by A4 (see [SE], 19.7.6 
and 87.5). 
Lemma 1.5. Let M c % be closed and uncountable and let ,LA be an arbitrary 
difjiise probability measure on M. Then there exists 6 > 0 such that for all m E N 
there is r E N such that J IX’ - Xkl dp > c5for allk < m. 
Proof. The multiplication operator S on F = L ’ (M, p), defined by (Sf )(A) = 
Xf (A), is an isometry possessing no eigenvalues. Thus by the theorem of Jacobs- 
Glicksberg-de Leeuw (see [K], Theorem 4.5 on p. 106) S = {S” : n E N} cannot 
be strongly relatively compact. By WeierstraB theorem {S”l : n E Z} is total in 
F, hence {S”l : n E N} cannot be relatively compact (see [Sl], 111.4.5). The 
assertion is a reformulation of this fact. q 
For the sake of convenience we introduce the following definition. 
Definition 1.6. A subset A of T is called independent, if there exists a set B in 
the unit interval [0, l] which is linearly independent over Q such that t -+ 
exp(2rit) is bijective from B onto A. 
For the next lemma we need the notion of an unconditional basis (cf. [TJ], 
p. 2). A set {ei, . . . , e,} of linearly independent vectors in the Banach space E is 
called an unconditional basis with unconditional constant 1 if for every x = 
cy=i lje~onehas(I~~=, &eill =/I~~=, Jjrliei(lforal171,,...,rlnET. 
Lemma 1.7. Let T be an isometry on thefinite-dimensional Banach space F. Let 
the spectrum a(T) consist of n distinct eigenvalues Xl,. . . , A,, forming an in- 
dependent subset of U. Then every set {el , . . . , e,,} of corresponding normalized 
eigenvectors is an unconditional basis with unconditional constant 1. 
Proof. Let ei, . . , e, be normalized eigenvectors corresponding to Xi, . . . , A,. 
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The independence of Xi, . . . , A, implies that { (Xr, . . , A:) : m E N} is dense in 
T” (see [HERO], p. 408). Thus for all m E N and x = x <jej we have 
llxll = IlT"'xII = [Ix [j,ATejII which implies llxll = l\C <jqjejll for all 
rlll...,%E~. 0 
The following lemma is the essential step in the proof of Theorem 1.4. 
Lemma 1.8. Let T be a linear operator on the Banach space E such that 7 = 
{T” : n E N} is uniformly bounded, and assume that a(T) = al(T) is un- 
countable and consists of eigenvalues of T, Then 7 is not superstable. 
Proof. (i) We may assume without loss of generality that T is a contraction 
(otherwise consider the equivalent norm p(x) := sup{llT”xll : n E N} on E). 
Moreover on account of 1.2(3) we may assume also that the set of eigenvectors 
of T is total in E. Then the strong closure G of 7 is compact by [Sl], 111.4.5 and 
the theorem of Jacobs-Glicksberg-de Leeuw (see [K], Theorem 4.5 on p. 106) 
then implies that G is a compact group with the identity Z as the neutral ele- 
ment. In particular T is an invertible isometry. 
(ii) By Zorn’s lemma there exists a maximal independent subset A of cl(T) 
which is necessarily uncountable since 01 (T) is uncountable and Q! is count- 
able. Let ZL be a diffuse probability measure on M = 2. Denote by C(M) the 
space of continuous functions on M. Then the measure p can be approximated 
with respect to the w*-topology on C(M)’ by convex combinations of Dirac 
measures upported by A. 
(iii) Hence there is a sequence (A,) in A with corresponding normalized 
eigenvectors (x,) c E and there exist ol,~,. . , ~1,~ E R+ such that xi”= I aj,n = 
1 for each n E N and pn := cycl oj,nSx, weak*-converges to CL. Let E, := 
span{xl, . . . ,x,}.ByLemma1.7x, ,..., x,, is an unconditional basis of E,, with 
unconditional constant 1. Let XI n,. . . , xi n be the corresponding biorthogonal 
functionals on E,. By a result of Lozanovskii (see [TJ], Lemma 39.3, p. 296) 
for each n E N there exist /!II.~, . . . , &,?I,~, . . . , ?;l,n E R+ such that 
II El=, Pj,nXjll = l = II Cj”=l Tj,nXj,, 1) and aj,n = /3j,,rj,,, 1 <j 5 n. Let i be 
the equivalence class in BEG of the sequence (cy=, /3j,nXj), E N. If r, k E N then 
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Now choose S > 0 as guaranteed by Lemma 1.5. Then (*) together with 
Proposition 1.3 shows that I is not superstable. •I 
Proof of Theorem 1.4. (a) Let U be a free ultrafilter on N. By Proposition 1.3 
the discrete semigroup 9 = { pn : n E N} is superstable. Moreover ~1 (T) = 
Q(F) consists of eigenvalues of f (see [S2], V.l.4). Let F := span{.? E Eu : 
f’i = cui-, cy E CJI (T)}. The restriction ?’ 1~ of F to F leaves F invariant, has 
uniformly bounded powers and the Jacobs-Glicksberg-de Leeuw theorem 
([K], Theorem 4.5 on p. 106) yields cr(p (F) = a](?‘). Now Lemma 1.8 and 
Remark 1.2(3) imply that 01 (T) is at most countable. 
(b) By Proposition 1.3 our notion of superstability coincides with that one of 
[NR]. Thus (b) follows from [NR], Corollary 2.3. 0 
2. SUPERSTABLE STRONGLY CONTINUOUS ONE-PARAMETER SEMIGROUPS 
In the following let 7 = (Z)lER+ be a strongly continuous one-parameter 
semigroup of bounded linear operators on the Banach space E. The generator 
of 7 will be denoted by A. (For details on the theory of one-parameter semi- 
groups we refer to [N].) We assume in the sequel that ‘T is uniformly bounded 
by some L > 0. 
The semigroup I is called uncformly stable if I is relatively compact with 
respect to the operator norm topology and 7 is called stable if it is strongly 
relatively compact. The following lemma will be helpful for the understanding 
of our definition of superstability. For the sake of convenience we use the fol- 
lowing notation: 6 = &!y. 
Lemma 2.1. Let X be an arbitrary Banach space and let f : [w+ -+ X be con- 
tinuous. The following assertions are equivalent: 
(1) f (IF!,) isprecompact. 
(2) For all 6 > 0 there exists k E N such that to every u E Iw+ there exists some 
t 5 ksatisfjing IIf -f(t)11 5 6. 
(3) For all 6 > 0 and all ‘p E G there exists k E N and t 5 k satisfying 
Ilf (p(k)) -f(t)ll < 6. 
Proof. (1) + (2): obvious. 
(2) + (1): (2) means that for all 6 > 0 there is some k E N such that f ([w,) c 
f ([0, k]) + 6 . Bx which implies (1). 
(2) ti (3): This follows from the well-known formula 3m Vn A(m,n) H 
V’cp 3m A(m, cp(m)) where ‘p denotes a function with obvious domain and 
range. Cl 
In the following we connect stability properties of the semigroup 7 with 
stability properties of the family (TtRx),, Iw+ where Rx = Rx(A) = (A - A)-’ 
denotes the resolvent of A. For this we make use of the better continuity prop- 
erties of the mapping t + TI Rx. In fact for all X in the resolvent set p(A) 
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Tt Rxx = eXtRxx - ext i eeiSTSxds for all x E E 
0 
(see [N], formula (3.2) on p. 14), and hence the mapping t -+ Z Rx is continuous 
from R+ into the algebra L(E) of all bounded linear operators equipped with 
the norm topology. 
Motivated by 2.1 we define for every cp E G, X E p(A), k E N and t < k the set 
A&,(t,k, X) = {X E BE : )(T,(k)Rxx - T,Rxxlj < 6) C BE. 
For a finite subset M of {(t, k) : 0 5 t 5 k E N, t E [w} we set 
A&V& A) = U 
(t,k)EM 
A&At, k A) c BE. 
We obtain the following characterization of stability and uniform stability, re- 
spectively. 
Proposition 2.2. 
(a) Thefollowing assertions are equivalent: 
(1) 7 is uniformly stable. 
(2) The generator A is bounded and there exists some X E p(A) such that 
for all 6 > 0 andfor all cp E B there is some k E N and t 5 k satisfying 
BE = A&,@, k, A). 
(b) Thefollowing assertions are equivalent: 
(1) 7 is stable. 
(2) There exists some X E p(A) such that for all 6 > 0 and for all ‘p E 4 
BE =u O<t<kcN A&+&,k,X). 
The easy proof will be postponed to the appendix. 
We introduce superstability of the semigroup 7 as an ‘intermediate’ property 
between the two other notions of stability. 
Definition 2.3. The semigroup 7 is called superstable if there exists some 
X E p(A) such that to every 6 > 0 and cp E B there exists a finite set A4 = 
{(ti, kj) : j = 1,. . . , r} satisfying 0 5 tj < kj E N, tj E [w, and BE = A[,(M, X). 
Remarks 2.4. (1) By Proposition 2.2 every uniformly stable semigroup is 
superstable and every superstable semigroup is stable. 
(2) Each of these properties is obviously inherited by restrictions of ‘7 to 
invariant subspaces. 
(3) In virtue of the resolvent equality 7 is uniformly stable (superstable, 
stable, respectively) iff the corresponding X-dependent condition holds for 
every X E p(A) in place of some X. Equivalent conditions not referring to the 
resolvent are considered in the appendix. 
In order to prove the main result we have to introduce the semigroup ultra- 
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power (Ku, ?‘) of ‘7 on E (see [N], A-1.3.6, or [HR], Section 2). To this end 
consider the closed subspace 
of P(E). The quotient space Ey := !,“(E)/(cu(E) n!,“(E)) is called the 
U-power of E with respect to 7. Obviously Eu can be viewed as a closed 
subspace of Eu which is invariant under each li; and contains E. Moreover the 
restri$ions T; of fi to ,& form a strongly continuous semigroup 7 = (T;),Elw+ 
on Eu. We call 7 the ultrapower of 7. If (A, D(A)) and (Au, D(Au)) denote the 
generators of 7 and 7, respectively, then the following holds (see [HR], Lemma 
3.2 and equation (4) of Section 3). 
Lzma 2.5. Let X E p(A) b e arbitrary. Then D(Au) c R$)(Eu) c EQ and 
Rx(A) I& = Rx(Au). 
This lemma yields the following result. The equivalence of (1) and (2) shows 
that our notion of superstability coincides with that one of [HR]. 






7 is superstable. 
? is stable on g for every free ultrajilter U on N. 
? is superstable on G for every free ultrafilter U on N. 
There exists a free ultraJilter U such that ‘? is stable on E<. 
There exists a free ultrajilter IA such that y is superstable on E;. 
Proof. Like in the proof of 1.3 the only nontrivial implications are ‘( 1) =+ (3)’ 
and ‘(4) + (I)‘. 
(1) + (3): Let U be an arbitrary free ultrafilter on N. Fix S > 0 and cp E G. 
Then for 7 = 6/2 there exists a finite set M = { (tj, ki) : j = 1, . . , r} satisfying 
0 < tj < kj, tj E lF4, kj E N such that BE = A[,(M,X). NOW let ,? E BFU be 
arbitrary and choose (x,) E 2 such that x,, E BE for all n E fV. Set Nj := 
{n E N : )(TV(k,)Rxx,, - Z, Rxx,II < v}, 1 Ij L r. Since IV = l_lJ=, Nj there is 
1 2 15 r such that NI E U. Thus 
and hence f E A E 6’U,(t,,ki, A) c A:$W A). 
(4) =s (1): St&pose that 7 is not superstable. Then there exists S > 0 and 
cp E G such that for every finite subset M c {(t, k) : 0 < t 5 k E N, t E [w} there 
is XM E BE\A[,(M, X). Since t + T,Rx is uniformly continuous for each 
n E N there exists a finite set N, c [0, n] such that {T, Rx : 0 5 t 5 rz} c 
{T,Rx:t~N,}+6/2B~(~)andN,cN,+~.LetM,=N,x{n}andx,=x~,. 
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By Lemma 2.5 the equivalence class i E Et,, of (Rxx,) E em(E) belongs to _&. 
Then for each m E N 
Hence 7 is not stable. •I 
The following corollary is an easy consequence of 2.5 and 2.6. 
Corollary 2.7. If 7 has a compact resolvent then 7 is superstable. 
Proof. From &(A)T, = T,&(A) it follows that {Tix : t E R+} is relatively 
compact for all x E Rx(A) E. Since Rx(A) E is dense in E and ‘7 is uniformly 
bo_lt_“ded we obtain stability of ‘7. The compactness of Rx(A) implies that 
Rx(A) maps Ea into E. Hence E?; = E and 7 = 7. The assertion follows now 
from Proposition 2.6. q 
Our next proposition is a consequence of the preceding considerations. 
Before we state the result we prove an easy (and surely well-known) lemma. 
Lemma 2.8. Let 7 be a strongly continuous uniformly bounded semigroup on the 
Banach space X. Ifsome discrete subgroup 7(s) = {T,” : n E N} (s > 0) is stable 
then 7 itself is stable. 
Proof. Let x E X and L := sup120 IlTtll. For fixed E > 0 there is a finite set H c 
{T,“x: n E N} such that {T,“x: n E N} c H+&L-‘Bx. Then {T,x : t 2 0) c 
lJyEH{Tty:OL tIs}+EBX andlJYCH{Tty:O< t Is} iscompact. Hence 
{ T,x : t L 0) is precompact. 0 
We obtain the following connection between superstability of a strongly 
continuous one-parameter semigroup and superstability of its discrete sub- 
groups. Example 3.3 shows that in general the assertions (1) and (2) are not 
equivalent. 
Proposition 2.9. Let 7 be a strongly continuous and uniformly bounded one- 
parameter semigroup on the Banach space E. Consider thefollowing statements: 
(1) 7 is superstable. 
(2) There exists s > 0 such that 7(s) is superstable. 
(3) Every discrete subsemigroup is superstable. 
Then (3) + (2) + (1). If in addition 7 is uniformly continuous then all three 
statements are equivalent. 
Proof. In the following let U be an arbitrary free ultrafilter on N. 
(2) + (1): & c Ea is ‘?-invariant and z I- = E for all t E OX+. Hence 
7(s) = { Tt : n E N} is stable. Now (1) follows fr%m 1.3,2.8, and 2.6. 
489 
Assume now that 7 is uniformly continuous. Then f = ?“(= {fi : t 2 0)) 
holds by [N], A-1.3.6. Assume in addition that (1) holds. Then 9 and hence all 
its subgroups are stable (recall that stable means strongly relatively compact). 
Thus (3) follows from 1.3. q 
Before we come to the main result of this section we state a lemma from the 
general theory of strongly continuous one-parameter semigroups which might 
be of some interest in its own right. It should probably be known. As before let 
7- = V&s+ be a strongly continuous uniformly bounded semigroup of linear 
operators on the Banach space E, and denote by A the generator of 7. 
Lemma 2.10. Let D c a(A) n i R be a relatively compact set consisting of eigen- 
values of A, and let H be the closed linear subspace generated by all eigenvectors 
corresponding to eigenvalues ofD. Then His I-invariant, the restriction S = 7 In 
is uniformly continuous, and the spectrum u(B) of the generator B = A In of S is 
equal to the closure D. 
Proof. The invariance of H is clear. Moreover the strong closure G = s of S is 
compact by [Sl], 111.4.5. The Jacobs-Glicksberg-de Leeuw theorem (see [K], 
Theorem 4.5 on p. 106) yields that G is a compact group with identity I. So the 
representation t + S, = T, In can be extended to a strongly continuous repre- 
sentation U of R into the algebra C(H) of all bounded linear operators on H. 
We identify iI%! with the dual group Rx of R. Let U’ be the representation of 
L’(R) into L(H) induced by U via the formula (U’f)(x) = Jf(t) U,xdt (see 
e.g. [WI, 2.1). If r7 = it E D and x is a corresponding eigenvector then (U ‘f)(x) = 
f(q)x, where f denotes the Fourier-transform off. Since the eigenvectors to 
eigenvalues of D are total in H we have U ‘f = 0 iff f vanishes on D and hence 
on 0. 3.7 and 3.6 of [W] imply that the spectrum of U is equal to 0. Since this 
set is compact by hypothesis, U is uniformly continuous by a result of Olesen 
(see [WI, 4.4). The rest follows from [WI, 4.2. q 
Now we state the main result of this section. 
Theorem 2.11. Let 7 be a boundedstrongly continuous one-parameter semigroup 
on the Banach space E, and let A denote its generator. Moreover let so(A) = 
o(A) n i R! be the intersection of the spectrum o(A) of A and the imaginary axis. 
(a) If 7 is superstable then oo(A) is countable. 
(b) IfE is super-reflexive and go(A) is countable then 7 is superstable. 
Proof. (a) Assume that go(A) is uncountable. Then there exists k E Z such that 
i. [k, k + l] n oo(A) = D is uncountable. Now choose an arbitrary ultrafilter U 
on N. D is in the point spectrum of the generator Au of? (see [N], A-111.4.5). 
Let H be the closed linear subspace of E< spanned by all eigenvectors corre- 
sponding to elements of D. We apply Lemma 2.10 to I, Au, and D. Then 3 1~ is 
uniformly continuous and B = Au In is therefore bounded and o(B) = D. Thus 
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the spectral mapping theorem implies (T(?, 1~) = {exp(it) : it E D}. This set is 
uncountable, hence ‘?( 1) 1 H is not superstable by 1.6, so T 1~ is not superstable 
by 2.9. Hence ‘? and 7 are not superstable by 2.6. 
(b) By Proposition 2.6 our notion of superstability coincides with that one of 
[HR]. Thus (b) is a consequence of [HR], Theorem 4.1. 0 
3. SOME APPLICATIONS 
First we give some applications to semigroups of positive operators on 
Banach lattices. (For notions not explained here we refer to [S2].) Recall that a 
subset C of the unit circle % is cyclic if {<” : n E Z} is contained in C for all 
(E c. 
Proposition 3.1. Let T be a positive linear operator on the Banach lattice E. Zf 
7 = {T” : n E N} is superstable then crl (T) = o(T) n T isfinite. More precisely 
it is ajinite union offinite subgroups of the circle group. 
Proof. Since 7 is strongly relatively compact it is bounded. By a theorem of 
Lotz ([S2], V.4.9) ~1 (T) is cyclic. Since 01 (T) is countable and closed it has to be 
finite from which the assertion follows. q 
A related theorem holds for a strongly continuous semigroup. 
Proposition 3.2. Let 7 be a strongly continuous one-parameter semigroup of 
positive linear operators on the Banach lattice E and let A be the generator of 7. Zf 
7 is superstable then 0 is an isolatedpoint of u,)(A) = a(A) n i R. Zf in addition 7 
is irreducible and if there is a positive linear form cp satisfying A’cp 5 0 then the 
intersection Poe(A) of the point spectrum Pu(A) of A with the imaginary axis is 
either empty or a discrete subgroup of i R!. 
Proof. If 0 is an accumulation point of co(A) then there exists a sequence (itn) 
of pairwise distinct points in go(A) converging to 0. Since 7 is strongly rela- 
tively compact it is uniformly bounded. Hence go(A) is (additively) cyclic by a 
theorem of Greiner (see [N], C-111.2.10 on p. 302). Thus 
M = U {i k t, : k E Z} c go(A), 
ncN 
and hence fi = iR = q,(A). In particular CO(A) is not countable, hence 7 is 
not superstable. 
If 7 is irreducible and A’cp 5 0 for a positive linear form cp on E, then by a 
result of Greiner (see [N], C-111.3.8 on p. 312) Pa,-,(A) is an additive subgroup of 
i Iw. Thus Poe(A) c q(A) is a countable closed subgroup of i R, hence it is dis- 
crete. This implies Pcc,(A) = Poe(A) and the assertion follows. 0 
The following example shows that in general superstability of a strongly 
continuous one-parameter semigroup does not imply superstability of its dis- 
crete subgroups. 
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Example 3.3. In [GVW] there is constructed an example of a strongly con- 
tinuous semigroup 7 = (T,),, n, of positive linear contractions on the Banach 
lattice E = LP(lR+, exp(px*) dx) n Lq(R+, dx) (1 < p < q < KI) such that 
c(A) = 0, where A is the generator of 7 but g(K) = {z : Iz/ 5 1). Since E is 
super-reflexive ‘7 is superstable. By Theorem 1.4 no discrete subsemigroup is 
superstable. 
We would like to point out gratefully that the following applications were 
suggested by Prof. S. Albeverio. 
For the following notions and results see [G] (cf. also [AH]). Let A be a unital 
C *-algebra. A linear operator T on A is called 2-positive if T @ Z is positive on 
A @ M*(C). Such an operator satisfies in particular T(x*x) 2 (Tx)*T(x) for all 
x E A. The positive operator T is called irreducible if there exists no T-in- 
variant solid (i.e. hereditary) C*-subalgebra # {0}, A. 
Proposition 3.4. Let Tbe an irreducible, unital 2-positive linear operator on A. If 
7 := {T” : n E IY} is superstable, then the intersection PC,(T) of the point spec- 
trum Pa(T) of T with the unit circle is ajinite subgroup of U. 
Proof. By [G], 3.1, Pgl(T) is a subgroup of T. If ‘7 is superstable then the 
closed subgroup Po1 (T) is countable by 1.4, and the assertion follows. q 
Proposition 3.5. Zf a! is an irreducible *-automorphism on A and {cy” : n E IW} is 
superstable then (Y is periodic. 
Proof. Since cy is irreducible its spectrum I = gi (a) coincides with the 
Connes-spectrum of {CX k : k E Z} (see [PI, Section 8.8) which is always a closed 
subgroup of T. By 1.4 it is countable and hence finite. Thus ~(a”) = (1) for 
some n > 0, and the assertion follows from the general spectral theory of 
automorphisms (see e.g. [PI, Chapter 8). q 
APPENDIX 
1. Notions of stability of discrete semigroups 
Let 7 = (T’),EN be a uniformly bounded discrete one-parameter semi- 
group. Using the equivalence of relative compactness and precompactness we 
have that 7 is uniformly stable iff 
V’s > 0 3m E N Vn E N 3k 5 m Vx E BE[IJT”x - TkxIJ < 61. 
Now the well-known formula 3m Vn A(m, n) E VP 3m A(m, cp(m)) gives 
VS > 0 Vcp 3m 3k < m Vx E BE[IIT~(“)x - Tkxll < S] 
which is exactly (1) of Section 1 
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Likewise strong relative compactness is given by 
V’s > 0 V’cp Vx E BE 3m 3k < m[l(T+‘@)x - Tkxl( < 61. 
Superstability lies in between these two notions: 
7 is superstable iff 
t/S > 0 \Jq 3L Vx E BE 3m 5 L 3k 5 m[jJT’P(m)x - TkxJI < S]. 
2. Notions of stability of strongly continuous one-parameter semigroups 
Let 7 = (TI)lER+ be a uniformly bounded strongly continuous one-param- 
eter semigroup on the Banach space E with generator A. First of all 7 is stable 
if { Ttx : t E R+} is relatively compact for every x in a total subset X of E. In the 
following proof of 2.2 we use the fact that RA(A)(BE) is total in E for every 
x E 44. 
Proof of 2.2. (a) (1) * (2): Let (tn)nEN be a sequence in R+ converging to 0. 
Then by hypothesis (T,“) contains a subsequence converging with respect o the 
operator norm to a bounded operator S. Since (T,,) converges strongly to the 
identity I we have S = I. Thus we obtain easily that ‘7 is uniformly continuous 
hence its generator is bounded. The remainder follows by an application of 2.1 
to the continuous function t -+ TrR~ from lR+ to the algebra of all bounded 
operators on E. 
(2) =+ (1): If A is bounded then 7 is uniformly continuous. Then (1) follows 
again from 2.1 applied to the function considered above. 
(b) Since BE is total in E and 7 is uniformly bounded the assertion follows 
from 2.1 applied to the functions t --f T1 Rxx for every x in BE. 0 
Now we give a characterization of superstability which does not refer to the 
resolvent. A filter F is called I-adequate iff it contains a bounded set and 
Ji$ (- him(sup{(lT,x - XII : x E F}) > = 0. 
For example 7 is uniformly continuous iff the principal filter %(BE) := 
{X c E : BE c X} is I-adequate. In general if A c E is compact and if N(O) 
denotes the neighbourhood filter of 0 then 3-t(A) + N(0) is I-adequate. 
Proposition. Thefollowing assertions are equivalent: 
(1) 7 is superstable. 
(2) For all 7-adequate ultrajilters U and for all 6 > 0 there exists k E N such 
that to every u E &I+ there exists some t 5 k satisfying 
Z(u) 2 T,(U) + ‘F~(SBE). 
The proof of this result can only be given using free ultrapowers on uncount- 
able sets or saturated nonstandard models of E and is therefore not presented 
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here. The reader who is familiar with these more general techniques will find it 
very easily. 
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